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Abstract 

Classically, a spin structure on the loop space of a manifold is a lift of the structure 
group of the looped frame bundle from the loop group to its universal central extension. 
Heuristically, the loop space of a manifold is spin if and only if the manifold itself is a 
string manifold, against which it is well-known that only the if-part is true in general. 
In this article we develop a new version of spin structures on loop spaces that exists if 
and only if the manifold is string, as desired. This new version consists of a classical 
spin structure plus a certain fusion product related to paths of frames in the manifold. 
We use the lifting gerbe theory of Carey-Murray, recent results of Stolz-Teichner on 
loop spaces, and some own results about string geometry and Brylinski-McLaughlin 
transgression. 
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1 Introduction 



The Witten genus has been introduced by Witten using supersymmetric sigma models with 
target space a spin manifold M, and S^-equivariant Dirac operators on the free loop space 
LM |Wit86| . Although the Witten genus is well-defined (a power series in the Pontryagin 
numbers of M) the approach via loop space geometry still lacks a rigorous understanding. 

Dirac operators can be considered on manifolds with a spin structure, i.e. with a lift of 
the structure group of the frame bundle to its universal covering group. The frame bundle 
of the loop space of an n-dimensional spin manifold M is an LSpin(n)-bundle; Killingback 
defined |Kil87j a spin structure on LM to be a lift of its structure group to the universal 
central extension 

1 U(l) — »- LSph^n) LSpin(n) 1. (1.1) 

Killingback showed that the existence of spin structures on LM is obstructed by a class 
Alm £ H 3 (LM, Z). This class is often called the string class of M; however, in view of the 
following discussion it is better called the spin class of LM. 
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Killingback showed^ that the class A lm is the transgression of the first fractional Pon- 
tryagin class ^p±(M) € H 4 (M, Z), i.e., the image of ^pi(M) under the homomorphism 

r : H 4 (M,Z) H 3 (LAf,Z) : x f ev*x, 

Js 1 

where ev : S 1 x LM — 5- M is the evaluation map. Other early results about the relation 
between the classes Xlm and |pi(M) have been obtained by Pilch- Warner [PW88 ] (see 
below), Carey-Murray |CM91j (for the based loop space), and McLaughlin |McL92j (for 
simply-connected manifolds). 

Spin manifolds with vanishing first fractional Pontryagin class, i.e., hpi(M) = 0, are 
called string manifolds. Given the relation 

r(ipi(M)) = Xlm 

it is clear that the loop space of a string manifold in spin. In this article we are concerned 
with the converse statement: is a manifold string when its loop space is spin? We recall 
three seminal results about this question. With methods of algebraic topology, McLaughlin 
showed: 

Theorem 1.1 ( |McL92| ). Suppose M is a 2-connected spin manifold of dimension greater 
than 5. Then, LM is spin if and only if M is string. 

Similarly, but with more advanced methods using Hochschild cohomology, Kuribayashi 
and Yamaguchi proved that the assumption of 2-connectedness may be replaced by a 
condition that admits non-trivial TT2- 

Theorem 1.2 (|KY98j). Let M be a simply- connected smooth manifold. Suppose M is 
4- dimensional, or M has the structure of a compact homogenous space, or M is a product 
of such. Then, LM is spin if and only if M is string. 

In contrast to the previous two results, Pilch and Warner have shown in pioneering 
work that the assumption of simply-connectedness cannot not be dropped (at least not 



1 In fact, Killingback defers the proof to a paper "in preparation" that I was not able to find. Since that 
time, the statement seems to be "well-known", and I do not know what the earliest reference is. Just to be 
sure, one proof is given in [NWl Section 7]; see Theorem l5.2.2l in the present paper. 
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when instead of the frame bundle a general principal Spin(n)-bundle P is considered). 



Theorem 1.3 ( [PW88] ). There exists a non-simply connected smooth manifold M and a 
principal Spin(re) -bundle P over M such that \pi{P) / and LP is spin. 

The situation that the loop space of a spin manifold M is spin while M is not string 
occurs evidently if the transgression homomorphism r is not injective. Loosely speaking, 
the passage to the loop space loses information. The question is how this lost information 
can be taken into account on the loop space side. On a geometrical level, this means to 
add additional structure to spin structures on loop spaces. And just to come back to the 
Dirac operators on the loop space: such operators could then be required to preserve this 
additional structure. 

Witten proposes that spin structures on the loop space have to be equivariant with 
respect to the rotation action of S 1 on LM, and correspondingly considers S 1 -equivariant 
Dirac operators [Wit86 . This leads to S^-equivariant index theory on loop spaces; see, 
e.g., [AKMW87b, AKMW87aJ. The addition of S^-equivariance, or more general, equiv- 
ariance under the group Diff + (S l ) of orientation-preserving diffeomorphisms of S , indeed 
eliminates the counterexample of Theorem II. 3 \ as proved in [P W88| . In general, however, 
it is, to my best knowledge, not known whether a manifold is string if and only if its loop 
space has a Tiff + (S' 1 )-equivariant spin structure. 

The main problem with IXj5 f ' + (S' 1 )-equivariant structures is that TXff + (S 1 ) is a con- 
nected group and hence acts separately on each connected component of LM. Those com- 
ponents are labelled by tti(M), so that for non simply-connected manifolds the obstruction 
against Diff + (S' 1 )-equivariant spin structures on LM splits into |7Ti(M)| many unrelated 
problems. In this article we introduce a new additional structure for spin structures on 
loop spaces that establishes a relation between spin structures on different connected com- 
ponents of LM. We call it a fusion product and the corresponding spin structures fusion 
spin structures, see Definition 13.61 The main result of this article is: 

Theorem 1.4. Let M be a spin manifold of dimension n = 3 or n > 4. Then, M is string 
if and only if LM is fusion spin. 

This paper is organized as follows. The subsequent Section [2] is complementary and 
concerns the problem of characterizing spin manifolds by orientations of loop spaces, and 
its solution by Stolz and Teichner. This problem is analogous to the one addressed in the 
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present article but in "one degree lower" . The content of Section [2] is not used in the main 
text, but might be useful for getting familiar with the topic. 

Section [3] gives a complete definition of our new notion of fusion spin structures (De- 
finition [376]) • The main ingredient is the theory of fusion bundles over loop spaces, which 
I have developed in a series of papers [Walcl IWaldl IWale] motivated by the work of Stolz 
and Teichner [ST] . A crucial observation is that the central extension (jl.ip fits into the 
context of fusion bundles: it is a fusion extension (Theorem 13 . 5() . In order to make this 
as explicit as possible we use an explicit model of LSpin(n) motivated by conformal field 
theory and introduced by Mickelsson [Mic87j. 

The next two sections prepare the machinery for the proof of our main result. Section 0] 
is concerned with the loop space side. There we recast fusion spin structures in the context 
of lifting bundle gerbes. The theory of lifting bundle gerbes has been invented by Murray 
[Mur96] for ordinary central extensions of Lie groups. The main result of Section H] is an 
extension of this theory to fusion extensions. It includes a new additional structure for 
bundle gerbes over loop spaces called an internal fusion product (Definition 14. 4. 3|) . Lifting 
bundle gerbes with internal fusion products serve as a bundle gerbe-theoretic setting for 
fusion spin structures. 

In Section \5\ we provide a similar, gerbe-theoretical setting for string structures, on 
the basis of my paper [WalbJ. That is, we regard string structures as trivializations of a 
certain bundle 2-gerbe, the Chern-Simons 2-gerbe |CJM+05[ . As the main point in Section 
[5] we introduce a categorical version of the transgression homomorphism r, which takes a 
bundle 2-gerbe over M to a bundle gerbe over LM with internal fusion product. We prove 
that the transgression of the Chern-Simons 2-gerbe gives the spin lifting bundle gerbe with 
its internal fusion product (Proposition I5.2.3P . This geometrical transgression procedure 
establishes the relation between string structures on M and fusion spin structures on LM. 
In Section [6] we complete the proof of Theorem ll.4i 

I remark that we do not discuss the relation between the set of string structures on M 
and the set of fusion spin structures on LM. Although (according to Theorem ll.4|) one set 
is empty if and only if the other is empty, fusion spin structures are still not good enough to 
achieve a bijection between the two sets. Such bijection is the subject of ongoing research, 
and will additionally employ a certain equivariance under thin homotopies of loops. As 
a consequence, we can - at the moment - not provide any new insights to the theory of 
Dirac operators on the loop space. 
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2 Spin Manifolds and Loop Space Orientations 

Analogous to the question how spin structures on loop spaces can characterize string man- 
ifolds is the question how orientations of loop spaces can characterize spin manifolds. This 
question has been considered early by Atiyah |Ati85| and recently solved by Stolz and 
Teichner [ST] . 

The following canonical double covering Olm of LM is considered as the orientation 
bundle of the loop space. The monodromy in the central extension 

1 — > Z 2 — »- Spin(n) SO(n) 1 

is a smooth map m : LSO(n) — >■ Z2. Taking free loops in the oriented frame bundle FM 
of M produces an LSO(n)-bundle LFM over LM, and Olm is obtained by extending the 
structure group of LFM along m, i.e. 

LM ■= LFM x LS o(n) Z 2 . 

Accordingly, an orientation of LM is defined to be a section of Olm- 

On the level of cohomology classes, the class in H (LM, Z2) of Olm is the transgression 
of the second Stiefel- Whitney class w 2 (M) G H 2 (M,Z 2 ), i.e. the image of W2(M) under 
the Z2-reduced transgression homomorphism 

r : H 2 (M,Z 2 ) — s- H 1 (LM, Z 2 ). 

In particular, LM is orientable if M is spin. 

Atiyah remarked [Ati85 j that for a simply-connected manifold M the converse statement 
is true, so that then M is spin if and only if LM is orientable. This statement was later 
proved in detail by McLaughlin [McL92, Proposition 2.1]. 
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The problem of characterizing non-simply connected spin manifolds was solved by Stolz 
and Teichner [ST]. Using methods of spin geometry they recognized a crucial additional 
structure on the orientation bundle Olm, a so-called fusion product. Accordingly, among 
all orientations of LM, there is a subclass consisting of fusion-preserving orientations. 
Stolz and Teichner showed: 

Theorem 2.5 ([ST, Theorem 9]). Let M be an oriented Riemannian manifold. Then, 
there is a bijection 

Equivalence 
classes of spin 
structures on M 



Fusion-preserving 
orientations of LM 



In particular, M is spin if and only if LM is fusion orientable. 

The notion of a fusion product is also crucial for the new version of spin structures that 
we introduce in this article, and is explained in the following section. 



3 Fusion Spin Structures 

In this section we explain our new version of spin structures on loop spaces, which we 
call fusion spin structure, see Definition 13.61 We consider a spin manifold M of dimension 
n = 3 or n > 4, in which case the group Spin(n) is simple, connected, simply-connected 
and compact. We fix a generator 7 can 6 H 3 (Spin(ra), Z) = Z. The loop group LSpin(n) 
has a universal central extension [PS86 

1 — U(l) — L ^ H) -JU LSpin(n) — 1. ^ 

This universal extension is determined up to a sign, which we fix by requiring the following 
identity for its first Chern class (when considered as a principal U(l)-bundle over LSpin(n)): 

r( 7con ) + c 1 (LS^haTn)) = € H 2 (LSpin(n), Z). (3.2) 

We start by reviewing the classical notion of spin structures on loop spaces. We denote 
by FM be the spin-oriented frame bundle of M, which is a Spin(n)-principal bundle over 
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M. Since Spin(n) is connected, LFM is a principal LSpin(ra)-bundle over LM, see [WallH 
Lemma 5.1] and [SW07, Proposition 1.9]. 



Definition 3.1 (|Kil87j). A spin structure on LM is a lift of the structure group of the 
looped frame bundle LFM from LSpin(n) to the central extension LSpin(n). 

Thus, a spin structure on LM is a pair (S, cr) of a principal LSpin(n)-bundle S over 
LM together with a smooth map a : S — >■ LFM such that the diagram 



S x LSpin(n) 




LFM x LSpin(n) *- LFM 

is commutative. A morphism between spin structures (Si,ai) and (§2,0-2) is a bundle 
morphism ip : §1 — 5- §2 such that u\ = 02 <p- The following lemma is s general fact in 
lifting theory, which we need later. 

Lemma 3.2. Suppose (S, cr) is a spin structure on LM. Then, a : S — 5- LFM together 
with the \J(l)-action on § induced along the group homomorphism 

U(i) ! , u(l) c LS P in ( n )> 

where i denotes the inversion of the abelian group U(l), is a principal \J(1) -bundle over 
LM. 

An important role in this article is played by so-called fusion in loop spaces. In order 
to explain fusion in a general context, let A be a connected smooth manifold. By PX we 
denote the set of paths in A with "sitting instants", i.e., smooth maps 7 : [0, 1] — *■ X 
that are locally constant near the endpoints. We denote by PX^ the /c-fold fibre product 
of PX over the evaluation map ev : PX — >- A x A, i.e., the set of fe-tuples of paths with 
a common initial point and a common end point. We have a map 

U : PX® — * LX : (71, 72 ) \-+ 72 * 71, 
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where * denotes the path concatenation, and 7 denotes the reversed path. This map is 
well-defined (it produces smooth loops) due to the sitting instants of the paths. 

Definition 3.3 ([Wald, Definition 2.1.3]). Let A be an abelian Lie group, and let 
£ be a Frechet principal A-bundle over LX. A fusion product on £ assigns to each 
(71)72)73) G PX^ a smooth, A-equivariant map 

■^71,72,73 ■ S71U72 ® S72U73 ^7iU73) 

such that the following two conditions are satisfied: 

(i) Associativity: for (71, 72, 73, 74) G PX^ and qij G £ 7iU7j , 

•^71,73,74 (^71,72,73 (#12 ®<?23) ^934) = A 7l ,72,74(^12 ® -^72,73,74(923 &Q34:))- 

(ii) Smoothness: if U is a smooth manifold and c : U — *- PX' 3 ' is a map for which the 
three induced maps eij := U o pr.^ o c : U — *- LX are all smooth, then 

Ac . ^12^ ® ^23^ — ^" ^"13^ 
is a smooth morphism between bundles over U. 

I remark that in my papers [Walcj IWaldl IWale] I have treated the smoothness of fusion 
products in the convenient setting of diffeological spaces; above definition is equivalent but 
completely avoids diffeological spaces. 

Definition 3.4. Let G be a Lie group and let A be an abelian Lie group. A fusion extension 
of LG by A is a central extension 

1 — s- A — 9- 9 — >■ LG — 3- 1 

of Frechet Lie groups, together with a multiplicative fusion product A on the principal A- 
bundle Q. 

Here, a multiplicative fusion product is one such that 

^71,72,73(912 ® 923) ' ^.72.73 ^2 ® q'23) = ^7i7{,727a,737^(9l29l2 ® Q23Q23) ( 3 - 3 ) 
for all elements G S 7l u 73 and q'^ G S 7 ; U7 j and a11 (7l> 72, 73), (7i> 72, 73) £ PG^. 
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Fusion extensions are relevant for the present article because of the following fact: 

Theorem 3.5. The universal central extension LSpin(n) is a fusion extension (in a cano- 
nical way). 

We will give two proofs of this theorem. The first proof is given in the next paragraphs: 
we construct an explicit model £ for the central extension LSpin(n) and exhibit its fusion 
product. The second proof appears in Section 14.31 as Corollary 14.3.21 there we construct 
another model that is less explicit but explains better and from a more general context 
why this fusion product is present. There we also show that the two constructions are 
canonically isomorphic (Proposition I4.3.U]) . 

Our explicit model L is motivated by conformal field theory and has been introduced 
by Mickelsson [Mic87] ■ It exists for any 2-connected Lie group G, such as Spin(n). We 
consider pairs (eft, z) where (ft : D 2 — s- G is a smooth map and z £ U(l). For technical 
reasons, we require that (ft is radially constant near the boundary, i.e. there exists e > 
such that </>(re 2,rl</3 ) = (ft(e 2nl<fi ) for all 1 — e < r < 1. On the set of pairs we impose the 
following equivalence relation: 

{(ft, z) ~ {(ft', z') d(f> = deft' and z = z' ■ e 2 " Swz < $ > . 

Here : S 2 — >■ Spin(n) is the map defined on the northern hemisphere by (ft (with 
the orientation-preserving identification) and on the southern hemisphere by (ft' (with the 
orientation-reversing identification). Due to the above technical assumptions, this gives 
a smooth map. The symbol Swz stands for the Wess-Zuraino term, which is defined 
as follows. Because G is 2-connected, the map <3? can be extended to a smooth map 
<l : D 3 — 9- G defined on the solid ball. Then, 

S wz ($) := f with H := i (9 A [9 A 9}) G n 3 (G). (3.4) 

Here, 9 £ fi 1 (G, g) is the left-invariant Maurer-Cartan from on G, and in the setting of 
spin structure on loop spaces the bilinear form {—,—) is normalized such that the closed 
3- form H represents the fixed generator j can € H 3 (Spin(n), Z). Now, the total space of 
the principal U(l)-bundle £ of our model is the set of equivalence classes of above pairs: 

L :={(<M> / ~- 

The bundle projection sends ((ft, z) to dtft € LG, and the U(l)-action is given by multipli- 
cation in the U(l)-component. 
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The group structure on L turning it into a central extension is given by the Mickelsson 
product |Mic87j : 



£ x L — ^- L : ((0i, zi), (4>2,z 2 )) \—>- (0102,^1^2 • exp ^-2-7ri J Jd>\,<h)* Pj)> 
where p is defined by 

p := ±(pr|0Apr|0) g ft 2 (G x G). (3.5) 

The two differential forms and p, which are the only parameters of the construction, 
satisfy the identities 



Hgig-2 — Hgi + -^92 dp SljS2 an d Pg\,gi + Pg\g2,gz ~ Pgim + Pgi 



3293 



for all gi,g2,93 £ G. The first identity assures that the Mickelsson product is well-defined 
on equivalence classes, and the second implies its associativity. 

Now we come to the fusion product. For (71,72,73) € PG^\ we define 



-^71:72,73 : ^7iU72 ® ^72U73 *" ^7iU73 

(012, 212) <8> (023, ^23) ^ (013, 212*23 " e WS «^), 



(3.6) 



where 0i3 : D 2 — *» G is an arbitrarily chosen smooth map with <90i3 = 71 U 73, and 
^ : S 2 — *- G is obtained by trisecting S 2 along the longitudes 0, ^ and 4p and prescribing 
\l/ on each sector with the maps 0i2, 023 (with orientation-reversing identification) and 0i3 
(with orientation-preserving identification). This map is smooth due to the sitting 
instants of the paths and the requirement that the maps 0« are radially constant. 

That definition (|3,6p of the fusion product on L is independent of the choice of 0i3 
follows from the identity Swz(^) = 5 , wz(^ / )'S'wz( < l ) i3) for Wess-Zumino terms, where VP' 
is obtained as described above but using a different map 0'i 3 instead of 0i3, and $13 is 
obtained in the way described earlier from 0i3 and 0'i 3 . Definition (|3.6|) is also well-defined 
under the equivalence relation ~ due to a similar identity for Wess-Zumino terms. Finally, 
it is associative in the sense of Definition I 



Now that we have explained that LSpin(n) is a fusion extension, we proceed with 
introducing our new version of a spin structure on LM. 

Definition 3.6. A fusion spin structure on LM is a spin structure (S,<r) together with a 
fusion product A§ on the associated principal XJ(l)-bundle a : S — *- LFM of Lemma \3.2l 
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such that the LSpin(n) -action on § is fusion-preserving: 

A§(gi2 ■ P12 <S> q23 ■ P23) = As (qu <8> Q23) • A(/?i2 <8> P23), 

where A is the fusion product of the fusion extension LSpin(n), and q\2,Q23 G §> 
/3i2 5 /323 £ -^Spin(n) are supposed to be such that the fusion products are defined. 

More explicitly, the condition for the elements means that there exist paths 
(ai, 02,013) G PFMW and (71,72,73) G PSpin(n)t 3 ] such that o~(qij) = on U ay and 

= 7i u Is- 

4 Lifting Gerbes for Fusion Extensions 

The main objective of this section is to embed the definition of a fusion spin structure into 
a more general theory. The results we derive in this setting will be used in the proof of the 
main result. 

4.1 Lifting Gerbes 

We briefly review the theory of lifting bundle gerbes for the convenience of the reader, 
following [Mur96j. The setup is a central extension 

1 >A >- G — G ^1 (4.1.1) 

of (possibly Frechet) Lie groups, and a principal G-bundle P over a (possibly Frechet) 
manifold X. 

A G-lift of P is a principal G-bundle P over X together with a bundle map / : P — >- P 
satisfying f(ft ■ g) = f(p) ■ t(g) for all p G P and g G G. G-lifts of P form a category 
G-jdft(P). The existence of G-lifts is obstructed by a class £p G H 2 (X, A) that is obtained 
by locally lifting a Cech cocycle for P and then measuring the error in the cocycle condition 
over triple overlaps. 

Example 4.1.1. If P = FM is the oriented frame bundle of an oriented Riemannian 
manifold, and the central extension is 

1 — Z 2 — ^ Spin(n) SO(n) 1, 
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the associated lifting gerbe Gfm is the spin lifting gerbe of M. Its Dixmier-Douady class 
£,fm G H 2 (M, Z2) is the second Stiefel- Whitney class w-i- 

Example 4.1.2. If P = LFM is the looping of the frame bundle of a spin manifold, and 

G = LSpin(n) is the universal central extension of G = LSpin(n), then the spin structures 
on LM of Section form precisely the category LSpm(n)-Jdft(LFM). The obstruction 
class Clfm G H 2 (LM, U(l) ) can be identified with a class in H 3 (LM, Z); this is the spin 
class Xlm of LM that was mentioned in Section [TJ 

Associated to the given bundle P is the following bundle gerbe Qp over X, called the 
lifting bundle gerbe [Mur96| . Its surjective submersion is the bundle projection tt : P — s- X. 
Over the two-fold fibre product P^ 2 ' := P xjf P, the lifting bundle gerbe has the principal 
A-bundle Q := 5*G, obtained by regarding G as a principal ^4-bundle over G, and pulling 
it back along the "difference map" 

$ . p[2] q with p- 5(p,p') = p'. (4.1.2) 
Finally, the multiplication of G defines a bundle gerbe product, i.e., a bundle isomorphism 
At : pr* 2 Q (Spr^Q — >■ pr 13 Q : {pi,P2, 912), (P2,Ps, 923) 1— (pi,Ps, 512923) (4.1.3) 

over pl 3 l that is associative over pM. Here, pr^- : Pl 3 J — >■ pt 2 l denote the projections to the 
indexed components. The Dixmier-Douady class of the lifting gerbe Gp is the obstruction 
class £ P |Mur96] . 

A trivialization of a bundle gerbe Q is an isomorphism T : Q — >■ I, where I denotes the 
trivial bundle gerbe [Wal0 7] . Trivializations form a category that we denote by Triv{Q). 
In case of the lifting bundle gerbe Qp, a trivialization is a principal ^4-bundle T over P 
together with a bundle isomorphism 

k : Q <8> pr^T — >- pr^T (4.1.4) 

over pl 2 l satisfying a compatibility condition with the bundle gerbe product fi, namely 

«(?12 ® «(<?23 ® *)) = K (M<?12 ® q2s) ® *) (4.1.5) 

for all (pi,P2,P3) G -P [3] and all i G T P3 , g i2 € Q PllP2 , and g 2 3 G Q P2 ,P3- 

Suppose (T,k) is such a trivialization of Gp. Then, P := T with the projection 
T — >■ P — >- X and the G-action p- g := ^(g^ 1 (8>p) is a principal G-bundle over X, and 
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together with the bundle projection / : T — 9- P it is a G-lift of P. Conversely, suppose 
/ : P — *- P is a G-lift of P. Then T := P equipped with the map / : T — *» P and the 
A-action induced by 

A— »G, 

where i is the inversion of the group A, is a principal A-bundle over P, and together with 
the bundle morphism k defined by n{g (g) p) ■= p ■ g~ l a trivialization of Gp- The main 
theorem of lifting bundle theory states that these two constructions are inverse to each 
other: 

Theorem 4.1.3 ( |Mur96| ). Let P be a principal G -bundle over X . Then, above construc- 
tions constitute an equivalence of categories, 

Triv(g P )^G-£ift(P). 

Example 4.1.4. In the situation of Example 14.1.21 the lifting bundle gerbe is denoted 
Slm and called the spin lifting gerbe. Its Dixmier-Douady class satisfies 

dd(S LM ) + \lm = 0. 

Theorem 14.1.31 implies an equivalence: 

J Spin structures \ ^ j Trivializations of the 1 
I on LM J 1 spin lifting gerbe Slm J 

Under this equivalence, a spin structure (S, a) corresponds to a trivialization (T, k) of Slm 
whose principal U(l)-bundle T is the one of Lemma 13.21 

4.2 Transgression and Regression 

In this section we explain the role of fusion products from a more general perspective. 
Based on Definition 13.31 fusion bundles with structure group A over the loop space LX of 
a smooth manifold X form a category that we denote by JusBun A {LX) . These categories 
are monoidal and natural with respect to looped maps, i.e., if / : X — *- Y is a smooth 
map between diffeological spaces, and Lf : LX — 3- LY denotes the induced map on loop 
spaces, pullback is a functor 

Lf* : TusBun A (LY) J=usBun A {LX). (4.2.1) 
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Basically, fusion bundles are those bundles over LX that correspond to bundle gerbes 
over X. This can be seen in both ways. Firstly, fusion products furnish a regression functor 

M x : TusBun A (LX) Qrb A (X) (4.2.2) 

that lands in the 2-category of bundle gerbes over X, see [Waldl Section 5.1]. It is defined 
for connected manifolds X and depends on the choice of a base point x S X (up to 
canonical, natural equivalence). This functor is weak (i.e., it has non-trivial compositor 
2-morphisms), so that it defines a honest functor into the homotopy category hiQrbj^(X). 
We remark two evident properties: 

Lemma 4.2.1. The functor 2% x has the following properties: 

(i) it is monoidal. 

(ii) it is natural with respect to smooth, base-point-preserving maps. 
Secondly, in the other direction, there is a transgression functor 

ST : hxGrbJiX) — >■ J=usBun A (LX) (4.2.3) 

defined on the homotopy category of A-bundle gerbes with connections over X. It has been 
introduced by Brylinski and McLaughlin [BM94] and lifted to fusion bundles in (Wald, 
Section 4.2]. On the level of characteristic classes, it satisfies 

ci(^&) = -r(dd(g)). (4.2.4) 

We shall describe some details of the transgression functor following [WallO, WaldJ. If 
Q is a bundle gerbe with connection over X, the fibre of 3~g over a loop r € LX is 

,9g\ T := h Triv v (T*g), (4.2.5) 

i.e. it consists of isomorphism classes of connection-preserving trivializations of t*Q. A 
connection-preserving isomorphism A : Gi — ** G2 induces a bundle morphism given by 

■ % %h ■■ T m-TotM" 1 . (4.2.6) 

The lift of this construction into the category of fusion bundles over LX is established 
by recognizing a fusion product Xg on the bundle SFq. Let us briefly recall how Xg is 



-15- 



characterized. We denote by t\, 12 ■ [0, 1] — S 1 the inclusion of the interval into the left 
and the right half of the circle. Let (71,72,73) be a triple of paths with a common initial 
point x and a common end point y, and let T%j be trivializations of the pullback of Q to 
the loops 7, U 7j, for (ij) = (12), (23), (13). Then, the relation 

Ag(Ti 2 0T 23 ) = Ti 3 (4.2.7) 

holds if and only if there exist 2-isomorphisms 

4>i ■ <q7I 2 => t*7i3 , 02 : i^Ti2 i*iT 2 3 and 3 : ^7^3 ^713 

between trivializations of the pullbacks of Q to the paths 71, 72, and 73, respectively, such 
that their restrictions to the two common points x and y satisfy the cocycle condition 

01 = 03 02- 

Example 4.2.2. The orientation bundle Olm of the loop space, which was mentioned in 
Section [21 is the transgression of the spin lifting gerbe Qfm of M, see Example 14.1.11 This 
explains the existence of a fusion product on lm , independently of its discovery by Stolz 
and Teichner [ST]. 

The regression functor & x and the transgression functor 3? are inverse to each other, 
in a way that has various formulations; for the purpose of this article we need: 

Theorem 4.2.3. The diagram 

JusBun A {LX) 




htGrbJiX) ^ \nQrb A (X) 

of functors, which has on the bottom the functor that forgets connections, is commutative 
up to a canonical natural equivalence. 

I remark that transgression and regression can be turned into a honest equivalence 
of categories, by either including the connection on the loop space side or dropping the 
connections on the gerbes, see the main results of [Waldl IWale] . 
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4.3 Multiplicative Gerbes and Fusion Extensions 

In this section we explain how fusion extensions as in Definition 13.41 can be obtained by 
transgression of multiplicative gerbes. Let A be an abelian Lie group. We recall from 
[WallQ, Definition 1.3] that a multiplicative A-bundle gerbe with connection over a Lie 
group G is a triple (Q, p,M,a) consisting of an A-bundle gerbe Q with connection over 
G together with a 2-form p E 2 (G x G, a) with values in the Lie algebra a of A, a 
connection-preserving isomorphism 

M : prlG <g> pr* 2 Q — * m*G ®I p (4.3.1) 

between gerbes over G xG, and a connection-preserving transformation a over G x G x G, 
that serves as an associator for the multiplication (|4.3.ip and satisfies the pentagon axiom. 
In (14.3. 1 j) we have denoted by X p the trivial bundle gerbe equipped with the non-trivial 
curving 2-form p. That (|4.3.ip is connection-preserving implies for H := curv(C/) G Q 3 (G) 
the identity 

^3192 = H 9i + H 92 ~ d P<?i,<?2 (4.3.2) 

and the existence of a implies the identity 

Pgi,92 + PsiS2,S3 = Ps2,S3 + Psi,S2S3- (4.3.3) 

Let us first explain how the central extension is produced. The transgression of Q is a 
principal A-bundle 9 : = 3?g over LG. Next, the transgression of M is a bundle isomorphism 

3Tm ■ priS ® P^S — m*9 ® 

As described in [WallCH Section 3.1] the U(l)-bundle $z has a canonical trivialization 

t P : — I. (4.3.4) 

Together, we obtain a bundle isomorphism 

pr!9 pr^9 * M » m*9 ® » m*$. (4.3.5) 

It defines a smooth map m : S x 9 — ^ 9 that covers the multiplication of LG along 
the projection 9 — *~ The transgression of the associator a guarantees that fh is 

associative. Then, the principal A-bundle 9 together with this product becomes a central 
extension 

1 — >- A — 5- 9 — *■ LG — >- 1 
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of Frechet Lie groups [WallCH Theorem 3.1.7]. 

We notice that S = 27q is a fusion bundle, see (I4.2.3P - The bundle morphism (|4.3.5p is 
fusion-preserving, since the isomorphism A4 transgresses to a fusion-preserving bundle mor- 
phism, and the trivialization (|4,3.4p is fusion-preserving [Walll_, Lemma 3.6]. This shows 
that the fusion product of S is multiplicative in the sense of Definition 13.41 Summarizing, 
we have shown: 

Theorem 4.3.1. Let Q be a multiplicative A-bundle gerbe with connection over G. Then, 
Sfg is a fusion extension of LG by A. 

Suppose that G is a compact, connected, simple and simply-connected Lie group. Let 
lean £ H 3 (G, Z) be a generator. There is a canonical multiplicative bundle gerbe with 
connection, the basic bundle gerbe Gbas-, whose Dixmier-Douady class is 7 can , see [WallCH 
Example 1.5] and [Wala]. Since 

c i(% a J -T(dd(g bas )) = -r( 7can ) 

we have according to our sign convention (|3,2p : 

Corollary 4.3.2. Suppose that G is a compact, connected, simple and simply- connected 
Lie group. Then, ^g bas is the universal central extension LG. In particular, the universal 
central extension of LG is a fusion extension. 

In the remainder of this section we show that the abstractly defined fusion extension 
3~g and the explicitly constructed fusion extension L from Section [3] are isomorphic, under 
the assumption that (Q,p, Ai,a) is a multiplicative bundle gerbe with connection over a 
compact, simple, connected, simply-connected Lie group G, and L is constructed using 
the forms H := curv(^) and p. Note that the two identities (|4,3.2p and (|4.3.3p from the 
multiplicative structure are precisely those required in the construction of L. 

The isomorphism between L and £7g is defined by 

ip : L — 9- ,9g : ((/>, z) l — s- dT ■ z ■ exp ^— 27ri J oj^j . 

Here, T ■ <fi*G — ^ is an arbitrarily chosen trivialization of cj)*Q over D 2 and dT 
denotes its restriction to the boundary; the latter is a trivialization of d(j)*Q over S , i.e., 
an element in 5% over the loop d(p, see (|4.2.5p . The map ip is evidently fibre-preserving 
and U(l)-equivariant; hence, a bundle isomorphism. 
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Let us show that 92 is well-defined. If T' ■ <j)*G — »- T^i is a different choice of a 
trivialization, then there exists a principal U(l)-bundle P with connection over D 2 with 
curv(P) = ijj' — ijj and dT' = dT ■ Holp(S ) as elements in £?g\d(f>, see [WallCH Section 3.1] 
for some more details. Since 



Hol P (dD 2 ) = exp \2m J curv(P)^ , 



the two contributions cancel. Suppose, on the other hand, that {(p\z r ) is an equivalent 
representative of the element in L, i.e., d<f> = <90' and z = z' ■ e 2mSwz ( $ ). We may choose a 
trivialization T ■ &*Q — >■ Iq an d use its restrictions T and T' to the two hemispheres in 
the definition of <p. Now, well-definedness follows from the fact that 

exp (27riS'wz(^)) = exp ^2tt[ J ^*H^ = exp J u\ , 

the latter equality being a consequence of the integrality of H and the relation 
$*H = curv(<I>*£/) = dui (as for any trivialization). 

Proposition 4.3.3. The bundle isomorphism cp is a group homomorphism and fusion- 
preserving, and thus defines an equivalence between the fusion extensions and L . 

Proof. In order to see that <p preserves the group structure, consider two elements (0i, Z\) 
and (02, Z2) in L, and recall that 



(01, Zl) ■ (0 2) Z 2 ) = (0102, ^2 • exp I -27Ti J ^ (01, 2 )*/O 1 ). 

Let 71 : <p\Q — »- 1 UJl and 75 : 02^ — -^2 be trivializations. We define a new trivialization 
7i2 : (0102)*^ — 2^12 as the composite 

(0i02)*g= (0i,0 2 )*m*g ®X^ 1>4>2 y p ®l-(4> 1 ,<t )2 )*p 

(<£i,02)*.M -1 ®id 

4>*G ® <&GI-{fh.,<hYi> — Tl ^ T20id ^i+^-y-x^-p 

Restricting to the boundary S 1 = dD 2 , we have dT\2 = dTi ■ dT 2 in the group structure of 
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the Frechet Lie group £7g, compare (|4.2.6p and f|4.3.5[> . Hence, 

ip(4>i,z\) ■ ip((j)2,Z2) = dTi ■ dT 2 ■ z\zi ■ exp ^-2iri J u\ + w 2 

= dTu ■ z\z 2 ■ exp ^— 2vri J ^0012 + (0i, 02)*pl 



= (^(0i02, ziz 2 ) • exp ^-27ri J {(f>i,<j)2)*p 

= V?((01,2l) ' (02, 2 2 )). 

This shows that (p is a group homomorphism. 

In order to see that <p is fusion-preserving we assume that (71,72,73) e PG®, that 
(ftij : D 2 — s- G are smooth maps with dtftij = 7« U 7,- , and that ^ : S* 2 — >■ G is constructed 
from the latter ones as described in Section [3l so that 

A £ ((0i 2 , 212) 0(023,^23)) = (013, 212223 -e 27riSwz W). 

Let us choose a trivialization T : *f?*G — >• I w , and restrict to trivializations 
Tij : (p*jQ — ^wy- I n this situation, Definition (|4.2.7p of the fusion product Ag on 
8Fq shows that 

Ag(<9Ti2 ® dT 2 s) = dTi3. 

Thus, 



Xg(ip(4>i 2 , Z12) (g) ^(023,223)) = <97I 3 " 212223 ■ exp ^-27ri y ^ (£Ji2 + w 23 ) 

= 57i3 • 212^3 • exp ^— 2vri J {^n ~ u)\ 
= dT 13 ■ z 12 z 23 • e 27ri5 wz(*) . exp f 2n i j x L:( 

= ^(013, 212223 -e 27ri5wZ W). 

This shows that </? is fusion-preserving. □ 
4.4 Fusion Lifts 

In this section we develop a general theory for lifting problems along fusion extensions, 
which is a general framework for the fusion spin structures of Definition 13.61 
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We consider a connected Lie group G, an abelian Lie group A, a fusion extension 

1 — ^ A — s~ 9 — ^ LG — >■ 1, 

and a principal G-bundle E over a smooth manifold M. The fusion product on 9 will be 
denoted by Ag. We recall that LE is a Frechet principal LG-bundle over LM. 

Definition A.A.I. A fusion lift of the structure group of LE from LG to 9 is a %-lift (S,<r) 
together with a fusion product A§ on the associated principal A-bundle a : S — >■ LE, such 
that the 9 -action on S is fusion-preserving: 

■ Pl2 ® ^23 ' #23) = A £ (9i2 ® 923) • Ag(/3i2 (8) fe) 

/or a// gr^ € § ai u aj , Pij G S 7i u 7j , (01,02,03) G ^-E^ 3 ' a^d (7i>72,73) G PGl 3 !. 

Here, by associated A-bundle we mean the bundle defined analogously to the one of 
Lemma [3.21 which has the total space S and the A action induced by the group homomor- 
phism 

A^+A<- ^9. 

A morphism between fusion lifts (Si,o"i,As 1 ) and (§2,o"2,As 2 ) is called fusion-preserving, 
if the induced morphism §1 — s- §2 of principal ^4-bundles over LE preserves the fusion 
products Ai and A2. Fusion lifts form a category denoted by §-Tvs£,ift[LE). 

Example A.A.I. In this notation, the fusion spin structures introduced in Definition 13.61 
form precisely the category LSpm(n)-J-vsCift(LFM). 

In the following we describe fusion lifts in terms of lifting bundle gerbes, and equip, for 
this purpose, the ordinary lifting bundle gerbe Qle for lifting the looped bundle LE from 
LG to 9 with an additional structure. 

Definition 4.4.3. Let Q be an A-bundle gerbe over LM whose surjective submersion is 
the looping of a surjective submersion tt : Y — 9- M. Let P denote its principal A-bundle 
over LY™ and \i denote its bundle gerbe product. An internal fusion product on Q is a 
fusion product on P such that [i is fusion-preserving. 

The condition that fi is fusion-preserving makes sense since \i is a morphism 

H : pr* l2 P (8) pr* 23 P pr* 13 P 
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between fusion bundles over LY^. In order to spell it out explicitly, we must consider 
three paths 71,72,73 G PY^ with a common initial point in Y^ and a common end point 
in Y®. The composition of a path 7^ with one of the projections pr i : Y® — 9- PY gives 
a path 7^. G PY, and these give in turn loops which we denote by T{j := U 7j € LI", 
r ij = % 2 u g LY, and r^- = 7 4 3 U 7? G LY. Now, the condition is that 

MA(<7i2 <8> 923) 8> A(<7i 2 ® q' 23 )) = \(p{qv2 ® 9i 2 ) ® A%23 ® ^3)) 

for all ?ii G P (rifl ^.) and ^ G P(^., r £)- 

There are two important examples of bundle gerbes with internal fusion products. One 
is when the Q is the transgression of a bundle 2-gerbe over M - this will be explained in 
Section T5, 11 The other example is when Q is the lifting bundle gerbe Qle associated to the 
problem of lifting the structure group of LE from LG to the fusion extension 9- 

Indeed, in this case the surjective submersion of Qle is the looping of the bundle 
projection E — M, and the principal A-bundle P = LS*S is the pullback of a fusion 
bundle along a looped map, and thus a fusion bundle, see (|4.2,ip . We will denote this 
internal fusion product on Qle by Xle- 

In order to check that the bundle gerbe product (|4.1.3p is fusion-preserving, we consider 
paths 71, 72, 73 G PE^ as above , and write = (t^t^, fa) and q'^ = (r^, t^-, /^-) for el- 
ements fa G S 7iJ and fa G S 7 |. , where 7^ := LS(Tij,r!-j) G LG and 7^ := Lb(r[pT'^) G LG. 
Note that now 

Alb(<?12 ® 923) = AL jB ((ri2,r( 2 ,/3i2) ® (r 2 3, t 23 , /3 23 )) = (na, r{ 3 , A s (/3 12 (8)^23)), (4.4.1) 
and similarly for the primed elements. Then we calculate: 

M(Ale(912 ® 923) ® \LE{q'l2 ® 423)) 

V* / x((r 1 3,r( 3! A g (^ 1 2 ® As)) ® (t 13 ,t( 3 , A g (/3( 2 ®# 3 ))) 

™ (ria,^, Ag(^ 2 ® /3 23 ) ■ Ag(/?i 2 ® £23)) 

^ (n3,r{3,A g (^ 2/ g 12 ®/323/323)) 

™ A L£ ((r 1 2,rf 2 ,/3; 2 /3 12 ) ® (r 23 , t&, /3 23 /3 23 )) 

13 ^ 3 ^LE(KH2 ® 9l2) 8 /i(<?23 ® 923))- 

This shows that is fusion-preserving. Summarizing, we have defined an internal fusion 
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product on the lifting bundle gerbe Gle- 



Example 4.4.4. The spin lifting gerbe Slm over the loop space of a spin manifold (see 
Example 14. 1.4[) is equipped with an internal fusion product. 

Remark 4.4.5. In contrast to an internal fusion product, which is only defined for a 
particular class of bundle gerbes over LM, an external fusion product on a general bundle 
gerbe G over LM is an isomorphism 

C : e* 12 G <8> ei, 3 G — e* 13 G 
between bundle gerbes over PM' 3 ' together with a transformation 

id®pr23 4 £ 



pr* 23 £(g)id 




P r l24 £ 
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over PAfM that satisfies the pentagon identity over PM^. Here, : ?Ml 2 l — >- LM is 
the composition of the projection pr^- : — >■ PM^l with the map U : PM® — >■ LM. 
I remark that an internal fusion product determines an external one; a general discussion 
of external fusion products is beyond the scope of this article. 

If a bundle gerbe G is equipped with an internal fusion product A, we can consider 
trivializations that "respect" the fusion product in the following way: 

Definition 4.4.6. Let G be a bundle gerbe over LM whose surjective submersion is the 
looping of a surjective submersion ir : Y — >■ M. A fusion product on a trivialization 
T = (T,k) of G is a fusion product At on the principal A-bundle T over LY . It is 
called compatible with the internal fusion product A on G if K is a fusion-preserving bundle 
morphism. 

A morphism (p : (Ti,Ki,Ai) — 5- (T2, K2, X2) between trivializations with compatible 
fusion products is an ordinary morphism (p : (Ti,k±) — (T2,k 2 ) between the trivializa- 
tions that is additionally fusion-preserving. The category of trivializations with compatible 
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fusion product is denoted by FvsTriv{G, A). 



Theorem 4.4.7. The equivalence of Theorem \4-1.3 between trivializations of Qle an d 



5 -lifts of LE extends to an equivalence in the fusion setting: 

TusTriv{Q LE ,\ LE ) $-J=usCift{LE). 

Proof. We recall that the equivalence of Theorem 14.1.31 sends a trivialization (T, k) to the 
principal S-bundle £ := T with projection T — >■ LE — *- LM and S-action given by 

The additional structure we want to take into account is the same on both sides: a fusion 
product At on the principal A-bundle T — LE. It remains to check that the conditions 
are equivalent: on the left hand side the condition that k is fusion-preserving, and on the 
right hand side the condition that the S-action on T is fusion-preserving in the sense of 
Definition 14.4.11 Suppose first that k is fusion-preserving. Then, 

A £ (<712 • #L2 ® <?23 • $23 ) = ^( K ((^V2 ® Q12) ® ^{(^23 ® 923)) 

= k(X 3 {Pv 1 ® fai ) ® A £ (gi 2 ® q 23 )) 

= «(Ag(/3i2 <8) /3 2 3) _1 <8 A £ (^i2 <8> 923)) 

= A £ (gi2 <8> ^23) • Ag(/3i2 <8> /S23); 

this shows that the S-action is fusion-preserving. In the middle we have used that the 
multiplicativity (|3.3|) of Ag implies Ag(/3i2 (8) /?23) _1 = Ag(/3{" 2 1 <8> Z?^ 1 )- The converse can be 
proved similarly. The condition for morphisms is evidently the same on both sides. □ 

Applied to fusion spin structures on loop spaces, Theorem 14.4.71 implies via Examples 
13X21 and IPX 

Corollary 4.4.8. There is an equivalence 

Trivializations of the spin 



Fusion spin 
structures on LM 



lifting gerbe Slm with 
compatible fusion product 



5 Transgression of String Structures 

In this section we prepare another important tool for the proof of our main result: we 
discuss string structures in the setting of bundle 2-gerbes. 
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5.1 Bundle 2-Gerbes and String Structures 



We start with recalling some basic definitions. 



Definition 5.1.1 ( |Ste04|, Definition 5.3]). A bundle 2-gerbe over M is a surjective sub- 
mersion 7T : Y — M together with a bundle gerbe V over Y^ 2 \ an isomorphism 



M : pr* l2 P ® pr* 23 V 
of bundle gerbes over Y^, and a transformation 



pr* 12 V ® pr* 23 V &> pr* 4 7> — ^ pr* 13 V ® pr* M V 



id®priJ 34 .A4 

pr* l2 V pr* 24 V 

over that satisfies the pentagon axiom. 




pr* 134 M 



pr* 124 M 



The isomorphism A4 is called bundle 2-gerbe product and the transformation [i is called 
associator. The pentagon axiom implies the cocycle condition for a certain degree three 
cocycle on M with values in U(l), which defines - via the exponential sequence - a class 

cc(G) G H 4 (M,Z); 

see [Ste04l Proposition 7.2] for the details. 



Definition 5.1.2 ( [Ste041 Definition 11.1]). Let G = (Y, it, V, M, n) be a bundle 2-gerbe 
over M . A trivialization of G is a bundle gerbe S over Y , together with an isomorphism 

A : V g> px* 2 S — >■ px\S 

of bundle gerbes over and a connection-preserving transformation 

p r * 12 V ® pr* 23 V ® pr* 3 S ??— * pr* 12 V ® pr* 2 S 




pr* 12 A 



pr* 13 V ® pr*«S ■ 



pr^S 



over yl 3 ! that satisfies a compatibility condition with the associator \i. 
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As one expects, the characteristic class cc(G) 6 H 4 (M, Z) of G vanishes if and only if G 
admits a trivialization SieO 1. Proposition 11.2]. An example of a bundle 2-gerbe that will 
be important later is the Chern-Simons 2-gerbe CSp(G) [CJM + 05 - it is associated to a 



principal G-bundle P over M and a multiplicative bundle gerbe Q over G. Its construction 
goes as follows: 

• The surjective submersion is the bundle projection P — s» M. 

• The bundle gerbe V over P^ is V := 5*Q, where 5 is the difference map (|4.1.2j) . 

• We consider the map 5' : P^ — G 2 defined by (p,p') ■ S'{p,p',p") = (p',p"), and 
obtain the required bundle 2-gerbe product by pullback of the multiplicative structure 

S'*M : pr* l2 V pr* 23 V pr* 13 V. 

• The transformation a gives via pullback along the analogous map 5" : 

p[4] _^ G 3 

the associator. 

In this article, we will use the Chern-Simons 2-gerbe in order to obtain a geometrical 
notion of string structures on a spin manifold M. For this purpose, we consider P = FM, 
the spin-oriented frame bundle of M, and Q = Qbas-, the basic bundle gerbe over Spin(n), 
whose Dixmier-Douady class represents the fixed generator ^y can € H 3 (Spin(n), Z). We 
write C§m := CSp{Qbas) for simplicity. We have |Walb[ Theorem 1.1.3]: 

cc(CSm) = \pi{M). 

In particular, we see that M is a string manifold if and only if CSm admits a trivialization. 
This motivates the following definition: 

Definition 5.1.3 ([Walb, Definition 1.1.5]). Let M be a spin manifold. A string structure 
on M is a trivialization of CS m ■ 

So, a string structure on M is a triple (5, A, a) consisting of a bundle gerbe S over 
FM, of an isomorphism A. : 5*Qb as <g> pr^5 — >■ px\S between bundle gerbes over FM^ 2 \ 
and of a transformation a over FM^. 

Definition [5?L3] of a string structure has many nice features, some of which are described 
in [Walb] . A particular feature, which we need in in the proof of the main theorem, is that 
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Definition 15,1.31 reproduces the topological notion of a string class: a cohomology class 
£ G H 3 (FM,Z) that restricts on each fibre to the generator ^ can G H 3 (Spin(n), Z). Indeed, 
we have: 

Proposition 5.1.4 ([Walb, Theorem 1.1.4]). The map 

Isomorphism classes of] { String classes ) , „ . . ,-,,„% 

> — i : -dd(«S) 

string structures on M J [ on FM J 

that sends a trivialization to minus the Dixmier-Douady class of the bundle gerbe S, is a 
bijection. 

Let us recall one aspect of Proposition 15.1.41 namely the fact that the map is well- 
defined. This follows from the following lemma, which will be used later. 

Lemma 5.1.5. Let S be a bundle gerbe over FM, and let A : S*Gbas ® P r 2<5 — *- pr^»S be 

an isomorphism between bundle gerbes over FMM. Then, -dd(«S) is a string class. 

Proof. Let p G FM be a point and l p : Spin(n) — *- FM : g i — *» pg be the as- 
sociated inclusion of the structure group of FM in the fibre of p. Consider the map 
s p : Spin(n) — FM^ : g I — >■ (p,pg), which satisfies pr 2 o s p = i p and 5 o s p = id, and for 
which c p := pr 1 o s p is the constant map with value p. We obtain an isomorphism 

s* p A : Qbas (X) i* p S — c*S. 

Since the pullback of a bundle gerbe along a constant map is trivial, it has vanishing 
Dixmier-Douady class, we get 

lean + i* p dd{S) = 0. 

Hence, — dd(«S) is a string class. □ 

Another nice feature of Definition 15.1.31 is that it provides a basis to include string 
connections. The following definition summarizes 

Definition 5.1.6. Let G = (Y, ir, V, M, fi) be a bundle 2-gerbe over M. 

(i) A connection on G consists of a 3- form C G Vft(Y) of a connection on the bundle 
gerbe V such that 

n^C -ttIC = curv(V), 
and such that Ad and /i is connection-preserving. 
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(ii) Suppose G is equipped with a connection, and T = (S,A,a) is a trivialization of G. 
A compatible connection on T is a connection on the bundle gerbe S such that A and 
a are connection-preserving. 

The Chern-Simons 2-gerbe CSp(Q) associated to a principal G-bundle P over M and a 
multiplicative bundle gerbe Q over G can be equipped with a connection that only depends 
on two parameters: a connection on the bundle P, and a multiplicative connection on the 
bundle gerbe Q, as recalled in Section B~B"| such that the two differential forms H = curv(C?) 
and p are the canonical ones, see (|3.4|) and (|3.5p . In the following we recall this construction 
on the basis of |WallOl Section 3.2]. 

• The 3-form is the Chern-Simons 3-form CS(A) € $7 3 (P) associated to A. 

• The connection on the bundle gerbe V = 5*Q over P^ is given by the connection on 
5*Q shifted by the 2-form 

oj ■= -(5*0AprlA) G n 2 (pW), 

i.e. we have V = 5*Q ®X U as bundle gerbes with connection. The reason for the shift 
is that otherwise the required identity for connections (see Definition 15. 1 .6[) would 
not be satisfied. 

• That the bundle 2-gerbe product 5'*M is connection-preserving for the shifted con- 
nections follows from the identity 

5'*P + P r i2 w - P 1 "^ + P r 23 w = °- (5.1.1) 

The associator is just the pullback of the connection-preserving transformation a, 
and so connection-preserving. 

In the situation of a spin manifold M, the Chern-Simons 2-gerbe C§m = G§FM(Gbas) 
carries a canonical connection, defined by the Levi-Cevita connection on M and the cano- 
nical connection on the basic bundle gerbe Gbas, see [Wale] Theorem 1.2.1]. 

Definition 5.1.7 ([Walb, Definition 1.2.2]). Let T be a string structure. A string 
connection on T is a connection on T that is compatible with the canonical connection 
on CSju. 
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This concept of a string connection reproduces [Walbl Theorem 1.2.3] the original 
definition of Stolz and Teichner ISTO 1|. which was formulated in terms of trivializations 
of Chern-Simons theory. One important statement about string connections that we will 
need later is the following theorem. 

Theorem 5.1.8 ([Walb, Theorem 1.3.4]). Every string structure admits a string connec- 
tion. 

5.2 Transgression 

We define transgression for (certain) bundle 2-gerbes and their trivializations. Let G be a 
bundle 2-gerbe with connection over M, consisting of a surjective submersion it : Y — *- M, 
a curving C 6 f2 3 (Y), a bundle gerbe V with connection over Y®, and a connection- 
preserving bundle 2-gerbe product A4 with connection-preserving associator \x. 

The restriction we impose on the admissible bundle 2-gerbes is that their surjective 
submersion ir : Y — >■ M is loopable, i.e., Ltt : LY — LY is again a surjective submersion. 
Then, we define the following bundle gerbe £/q over LM. Its surjective submersion is 
Ltt : LY — *- LM. The principal U(l)-bundle over LY^l is Stp- Since transgression for 
bundle gerbes is functorial, natural and monoidal, the transgression 3?m is a bundle gerbe 
product. It is associative since the associator \i of G transgresses to an equality. 

Proposition 5.2.1. On the level of characteristic classes, 

dd(<%) = -r(cc(G)). 

Proof. Since it has no actual relevance for this article, it may be enough to verify this up 
to torsion. This can be done by identifying a connection on the bundle gerbe ^q: it comes 
from the connections on the transgressed bundles that we have ignored in the construction. 
Because of the sign in (|4.2.4|) . the curving on ^ is — f sl ev*C. Hence, the curvature of 
is minus the transgression of the curvature of G. □ 

As is a fusion bundle and £?m is fusion-preserving, it is evident that the bundle 
gerbe ^ is equipped with an internal fusion product (see Definition I4.4.3|) . which we 
denote by Ajj. 

If T = (S, A, a) is a trivialization of G with compatible connection, we define a tri- 
vialization =5r of The bundle gerbe S with connection transgresses to a principal 
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U(l)-bundle 3~s over LY . And again, since transgression is functorial, natural, and mono- 
idal, the 1-morphism 

A : V <8> vr^5 — ^ ir^S 

over yl 2 l transgresses to the required bundle morphism over LY™, and the 2-isomorphism 
a implies the compatibility condition. 

Since S?s is a fusion bundle, the trivialization 3y carries a fusion product, and since 
^4 is fusion-preserving, it is compatible with the internal fusion product Ao of We 
obtain a functor 

ST : hiTrw v (G) — J=usTriv( 3T G , \&). (5.2.1) 

In the following we transgress the Chern-Simons 2-gerbe and use the functor (]5.2.1j) to 
transgress (geometric) string structures. 

Theorem 5.2.2 ( [NW} Proposition 6.2.1]). Let Q be a multiplicative bundle gerbe with 
connection over a Lie group G, and let P be a principal G-bundle over M with connection. 
Let CEp(G) be the associated Chern-Simons 2-gerbe with connection. Let Qlp be the lifting 
gerbe associated to the problem of lifting the structure group of LP from LG to the central 
extension SFg. Then, there is a canonical isomorphism 

V : ^c§p(e) — *~ Glp- 

The claimed isomorphism has been constructed in [NW~l Proposition 6.2.1]; since we 
need it explicitly below we recall this construction. 

• Both bundle gerbes have the same surjective submersion, LP — LM. 

• Next we look at the principal U(l)-bundles over LP^. The one of ^cs P (g) is 
where V = 8*0®!^, while the one of Qlp is P := L8* £?g. Naturality of transgression 
and the canonical trivialization t w of SF-z^ provide an isomorphism 

sr v Lb*sr Q ® sr x „ — id0f " * L8*sr g = p 

between principal U(l)-bundles over LP® which gives our map (p. 
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Finally we have to look at the bundle gerbe products. We claim that the diagram 
pr^ ® pr* 23 $p ^ pr* 3 ^ 



pr* 2 P <g> pr* 3 P • 



is commutative, which shows that the isomorphism tp exchanges the bundle gerbe 
products. Indeed, replacing by definitions gives the diagram 

&S'*M ®id 

V*2'"+P r 23 w 



pr 13 i. 



LS'*S M 

which is commutative due to the identity (|5.1.ip 



idigitc 



L8* 2?m*Q 



Summarizing, we have constructed an isomorphism <p : ^cs P (g) — >■ Qlp of bundle gerbes 
over LM. 

In the situation of a spin manifold M we obtain an isomorphism 

<P ■ =^cs M — ^ Slm 

between the Chern-Simons 2-gerbe CSm = CEFM(Qbas) an d the spin lifting gerbe Slm, 
see Example 14.1.41 With Proposition 15.2.11 we obtain on the level of characteristic classes: 

r(§p!(M)) = X LM . 

Next we come to a new, crucial property of the isomorphism ip. 



Proposition 5.2.3. The isomorphism <p of Theorem \5.2.2\ respects the internal fusion 
products. 

Proof. We recall that the internal fusion product of ^cs P (,G) is the fusion product A-p on 
the U(l)-bundle 3?-p, while the fusion product of Qlp is the pullback of the fusion product 
Ag of SFq along Lb. By [WallH Lemma 3.6] the trivialization t w is fusion-preserving. Thus, 
<p is a composition if fusion-preserving isomorphisms, and hence fusion-preserving. □ 
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6 Proof of Theorem 11.41 



In this section we prove the main theorem of this article. By Corollary 14.4.81 LM is fusion 
spin if and only if the spin lifting gerbe Slm nas a trivialization with compatible fusion 
product. 

Suppose first that M is string, so that there exists a string structure T (Definition 15. 1 .3j) . 
By Theorem l5.1.8I T admits a string connection, together giving a trivialization of C§m with 
compatible connection. Its transgression is a trivialization 3j of ^cs M with compatible 
fusion product, see Section 15.21 Since the isomorphism ^ts M = Slm of Theorem 15.2.21 
preserves the internal fusion products (Proposition I5.2.3j) , induces a trivialization of 
Slm with compatible fusion product. 

Conversely, suppose Slm has a trivialization (T, k) with compatible fusion product At- 
Let p € FM be a point. We may assume that M is connected, otherwise we proceed with 
each connected component of M separately. Then, FM is also connected. Thus we have a 
well-defined regression functor 

M v : J=usBun{LFM) Qrb{FM) 

and obtain a bundle gerbe S := & P (T, At) over FM. In FM® we choose the base point 
(p,p), so that both projections pr 1; pr 2 : FM' 2 ' — FM are base point-preserving. Now, 
the fusion-preserving bundle morphism n over lfmM 

regresses to an isomorphism 

between bundle gerbes over FM^ 2 \ where P is the principal U(l)-bundle of the spin lifting 
gerbe. Going through its construction using the model LSpin(n) = 3?g b , we find that 
P = L5* ,9g bas . Then we use that there is a (canonical) isomorphism &i(^g bas ) — Qbas (see 
Theorem I4.2.3p . We get an isomorphism 

&(p,p)(P) = @(p, p) (L5*£r gb J = b*^{Q has ) - 8*g bas . 

Using that regression is monoidal and functorial (see Lemma 14.2. ip , we end up with an 
isomorphism 

A : 5*g bas ® pr* 2 S pr^S. 
By Lemma 15.1.51 — dd(»S) is a string class; thus, M is string. 
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